
 “This has never happened” or “The story about the p-value”

1.  The story       2.  A summary       3.  The mathematical derivation       4.  A simulation

1.  The story.  Anderson at the purchasing department sits in his office in front of a pile of papers on his desktop. Some time ago his boss told him to take part in an improvement team. The team is going to in​crease the quality of some components purchased in large quantities.

Anderson was not altogether enthusiastic about this extra assignment. "I have more important things to do. And by the way, we do have a quality control department. If they ever got them​selves going we would have fewer problems".

However, Anderson knows that he should not complain, everybody has to do his share. And as a purchaser he has a certain influence over the suppliers, and it happens that he receives a bottle or two of fine whiskey around Christmas.

Anderson starts his computer to look at the latest results from SCRAP Ltd. They usually delivers ACAT-products and the fault rate used to be steadily around one percent but now it has gradually decreased to a more acceptable level.

Anderson gets a dreaming glimpse in his eyes when he remembers how it started:

He had received many a salty remark from the production regarding the problems with the ACAT-product. "If you at least could get us stuff that was good enough, we waste too much time and money on rework", was a common outburst. "Hum, hum", Anderson had thought for himself, "I have seen how they treat the things out there. A little bit more of care would not hurt".

But he had promised to talk to SCRAP Ltd on the matter, although he did not like to call and com​plain to the idiot Nelson, a very unpleasant person. Anderson had gathered all statistics and all arguments he had and there it was, in black and white, rather clear one percent non-conformities.

Anderson cheered himself up, lifted the receiver and dialled Nelson’s telephone number. "Yes, Nelson speaking", Nelson almost screamed out while Anderson calmed himself and listened to the stupid jargon of the idiot. As usual there was nothing wrong with the SCRAP-products, and by the way, nobody is perfect! Anderson could imagine the nicotine breath of Nelson and his arm around his shoulders. "But for your sake we will look into this matter". Anderson had his doubts.

Some time later. A Friday afternoon, Anderson let his thoughts wander, thinking about the coming weekend and the planned fishing. Suddenly the telephone disturbed him. It was Nelson. "G’day, G’day", Nelson chewed, "how are things?" Anderson did not want to tell him how things were and he could trace certain arrogance in Nelson’s voice. 

Nelson, who believes in MBF (management by fear), had after their earlier telephone call gone off yelling and screaming at everybody within SCRAP Ltd but soon he had forgotten most of it. By a coincidence Nelson had heard that their latest delivery of 150 products did not include any faults. As soon as he could he called Anderson. "Thus, zero faults amongst 150 items", Nelson tried to rub in, "must mean a great improve​ment, doesn't it?". "When is your new order coming, Anderson?".

Anderson, who had had his thoughts disturbed and disliked Nelson even more, could not find out what to say. Zero faults amongst 150 items must be really impressive. However, some weeks earlier he had attained a course in statistics and statistical thinking and now he tried to remember what the teacher had said:

'Zero fault does not necessarily mean that the fault rate is zero. We can calculate a so-called confi​dence interval that with a certain probability covers the true fault rate. The expression 3/n can be used as a rule-of-thumb for an upper limit of a 95 percent interval'.

Anderson quickly made some calculations. ’3/n here becomes 3/150 which becomes 0.02 i.e. 2 per​cent as an upper limit of a confidence interval of the fault rate in Nelson’s process. Now he had what he needed to polish off Nelson.

"Well", Anderson answered, "zero faults in 150 items is not a very convincing proof of an impro​ved process of yours. We want better than that". He heard how the anger of Nelson increased. "What do you mean, isn’t zero fault good enough for you anymore, do you want better than that?", Nelson tried arrogantly. "No", Anderson answered feeling his confidence strengthened, "the result is good but not a convincing information of a real change in your fault rate".
Nelson had after some chilly remarks and some lightly disguised threats finished the phone call.

Later Anderson had found out that Nelson had been transferred to another job and SCRAP Ltd had started an improvement work in co-operation with their customers.

All this Anderson remembered. "He was not that bad, our teacher", he thought and promised him​self to be listening more carefully at the next meeting. Of course he was happy to be a part in an improvement work but equally happy that he managed to nail the idiot Nelson.
	2.  A summary.  NB that the rule-of-thumb is only applicable when the number of incorrect items is 0 in a sample of size n. Also, the formula 3/n gives the upper end of a 95% confidence interval, i.e. an interval that has a 5% risk of not embracing the true but unknown value of p. 

A confidence interval consists of those 'p'-values that we cannot rule out as not probable in the situation. (This is the same as saying that within the interval the null hypothesis cannot be rejected.) 




3. The mathematical derivation.  Below is a simple explanation of the mathematics behind the 'rule-of-thumb' based on the binomial distribution:
	Derivation of the formula 3/n

	We start by the binomial distribution and the special case of zero faults (i.e. x = 0):
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We then put  as the upper value if the confidence interval:
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The upper value of p, which we call pu then becomes:
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	By doing a so-called Taylor series we get
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And putting it all together, using the two first terms of the series, we get
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Run also the routine %Confp for exact calcu​lations. A comparison shows a good accuracy of the rule-of-thumb. See also the Minitab menu [Stat]>[Basic Statistics]>[1 Proportion…]

 


4.  A simulation.  The situation described can easily be described using Minitab. The following commands create the data and display the results. By repeatedly (k1 times) take a sample (size k2) of a certain quality (p = 0.02) we see that in 5% of these samples there is 0 faults. Thus p = 0.02 will be the upper end of the 95% confidence interval (copy/paste the commands into the session window of Minitab):
let k1 = 10000                   # The number of batches of size k2.

let k2 = 150                     # Sample size.

let k3 = 0.02                    # The fault rate.

random k1 c1;                    # C1 will contain k1 values. Each value is

binomial k2 k3.                  # the number of incorrect items found.

histogram c1                     # A histogram of the results from the k1

                                 # batches of c1.

tally c1                         # Tallies the contents of c1. The number

                                 # of '0' is probably close to 500 if

                                 # k1 is 10000, i.e. 5%.
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The histogram of this particular simulation shows very close to 500 '0'-values, i.e. close to 5% as explained in the text above and also derived in the mathematics.
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